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Abstract
This review analyzes the state and advancement of the dark matter halo concentrations over the
last two decades. It begins with presenting the article that brought the field to the limelight and
then follows through with other research works that studied the concentrations of dark matter
haloes over the ages. Besides the discussion of the halo mass-concentration relation and its
evolution, we examine the effects of cosmology, subhaloes and environment on the relation. In
addition to theoretical halo concentrations, observational dark matter halo concentrations are also
considered. This review synthesizes the progress in this field into a clear piece of article.
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1. Introduction to halo concentrations
In this article, we will present a chronological history of the dark matter halo concentrations
and their relation to mass primarily, occasionally relating the concentration to other halo param-
eters, and review the state of the halo mass-concentration relation to present. This work focuses
on a lot of literature and articles related to the halo mass and concentration from present and
dating back to the presentation of the density profiles of dark matter haloes by Navarro et al.
(1996).
From N-body simulations of dark matter particles, the density profile of dark matter haloes
have been shown to follow the cuspy two-parameter profile given below:
ρNFW =
ρcδc(
r
rs
) (
1 + rrs
)2 , (1)
where ρc is the critical density of the universe, rs is a scale radius where the density profile is
isothermal and δc is an overdensity parameter. This form of the density profile (hereafter the
NFW density profile) is seen to be universal for different masses and variants of the universe
such as flat, open, and closed universes. From the form of the profile, ρ ∝ 1/r in the innermost
regions of the halo and ∝ 1/r3 in the outer regions of the halo. The above density profile may
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be rewritten in terms of the halo mass and halo concentration, with the concentration defined as
c200 ≡ r200rs . Another variant of the concentration that may be found in the literature is cvir ≡ rvirrs .
Due to the fact that the latter definition of the halo concentration varies a lot more with the
chosen cosmology and redshift, we shall focus this review on c200, which gives the most universal
relation (Diemer and Kravtsov, 2015). We shall discuss cvir where necessary, not excluding in
its entirety from our discussion. From N-body simulations, there exists a relation between the
halo mass and halo concentration, initially found by Navarro et al. (1996) and discussed a lot by
other articles in this review – small mass haloes have higher concentrations while the large mass
haloes have lower concentrations. This relation has, over the years, been studied and analyzed
by a number of authors. Analytic arguments related to the mass-concentration relation have also
been presented by several other authors; these works of research will be reviewed in different
sections of this article.
Although the NFW shows traits of universality across all scales – from galaxies to clusters
– and cosmology, this was not expected due to the variation of the effective slope of the power
spectrum across these scales (from neff ≈ −3 to neff ≈ −2 respectively). Navarro et al. (1997)
expected that the galaxy-scale haloes should show shallower density profiles while the cluster
scale haloes display steeper density since larger n’s are expected to have steeper profiles in an
open universe (Hoffman and Shaham (1985)). However, results from simulations revealed that
the slopes of the density profiles were steeper for low mass haloes, at fixed fraction of the viral
radius and shallower for the cluster scale haloes. Given that steeper profiles were observed in
simulations for haloes of a given mass for larger spectral indices n, the correlation between the
concentration and mass may actually be controlled by the spectral index.
In addition to the NFW profile, the Einasto profile (Navarro et al., 2004) was proposed as a
better fit to the density profiles of dwarfs, galaxies and clusters from N-body simulations. The
idea being that the logarithmic slope of the density profile at highly resolved radii were observed
to be shallower with decreasing radii rather than converging to a given value (say -1 for the NFW
profile). The form of the Einasto profile is given by
ρEinasto = ρ−2 exp
{−2
α
[(
r
r−2
)α
− 1
]}
. (2)
The parameters ρ−2 and r−2 are the density and the radius respectively at the scale radius (the
radius where the logarithmic slope of the density profile is isothermal, -2). In this case, the con-
centration is also defined as c200 ≡ r200r−2 . The shape parameter, α, parameter determines the shape
of the density profile and how slow or fast the slope changes with radius. In addition, this pa-
rameter tailors the fit to every individual halo and has been found to show a mass dependence. In
terms of the linearly extrapolated overdensity δc and the variance in density fluctuations σ(M, z),
the variation of the shape parameter in mass is parametrized with the peak height parameter
ν ≡ δc
σ(M,z) :
α(ν) = 0.155 + (0.0095ν2)
α(ν) = 0.115 + (0.014ν2) (3)
for Gao et al. (2008) and Klypin et al. (2014) respectively. Although this review focuses on the
concentrations derived from the NFW profile, we will occasionally discuss the concentrations
from the Einasto profile. We will attempt to present this review based on most articles related to
halo mass and concentration. However, we do not claim to have exhausted all the articles written
in this field.
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2. Mass-concentration relation
Halo concentrations are usually a decreasing function of mass, albeit with some characteristic
feature. In the article by NFW, the authors attributed the mass-concentration relation to the
density of the universe at the time of the collapse of the halo. Adopting a definition for the
formation time in terms of a given fraction of the final mass, f  1, different haloes were
assigned formation times based on the Press-Schechter formalism. Thereafter the characteristic
density, δc was scaled to the density of the universe at the time of formation of the halo. The
correlation between mass and density or mass and concentration were then made for various
values of f .
This assertion have been corroborated by a number of authors who link the halo concentra-
tions to their mass accretion histories (MAH). The MAH is the increase in mass of the main
progenitor in a halo. The average MAH of the main progenitor is usually fit to a function that
depends on the formation epoch of the halo. The result is a MAH with individual shapes depen-
dent on the mass of the haloes. The massive haloes tend to accumulate mass till late times while
the small mass haloes asymptote earlier. In order words, the small mass haloes assemble most of
their masses earlier while the large mass haloes witness slower mass accretion and assemble the
majority of their mass at later times. Thus, haloes undergoing recent mergers tend to have latter
formation times and lower concentrations. The mass accretion history of haloes can be described
by two distinguishing phases – and early fast phase and a late slow phase (Zhao et al., 2003b).
The MAH is may be fit to a function that depends on the formation epoch of the halo and is
independent of the merging phase of the halo. It is important to note that the concentration of a
halo is fixed by its mass and is independent of the the time of observation (Wechsler et al., 2002).
Given the formation epoch for a halo of a given mass, one may then estimate the concentration
using an empirical relation between the concentration and the formation epoch.
Given a definition of formation time, the distribution of formation redshifts can be estimated
for a range of masses. This distribution is a log-normal distribution, whose mean decreases as
the mass increases. In another prescription, formation times may be estimated from halo merger
trees and then related to halo concentrations. The merger tree is the increase in mass of the main
halo. Merger trees may be measured from N-body simulations or predicted from the extended
Press-Schechter (EPS) formalism. Formation times from the EPS formalism have been observed
to be about 25% larger than those that are being measured from simulations (Wechsler et al.,
2002).
As pointed out by Navarro et al. (1997), the correlation between the concentration and mass
of haloes may be explained by the spectral index on the given mass scale. For a given mass and
fixed matter density Ωm0, haloes with higher values of n were observed to be more concentrated.
Likewise, haloes formed in a universe with lower Ω0 are less concentrated than those with higher
matter density. Even though haloes collapse earlier in a low Ωm0 universe, the change in Ωm0
outweighs the change in the collapse redshift since the collapse density is related to both by
δc = Ωm0(1 + zcol)3 (4)
In summary, halo concentrations are fixed by the formation epoch of a halo, albeit dependent
on some of the cosmological parameters such as n and Ωm0.
3
3. Theoretical dark matter halo mass - concentration relations
3.1. N-body simulations overview
In this section, we present a number of theoretical halo concentrations and discuss the phys-
ical explanations for the relation between dark matter mass and concentrations. Most of these
studies are based on results from N-body dark matter simulations. This involves generating initial
conditions similar to that expected from the early universe using a set of codes such as GRAFIC1,
2LPTIC2, MUSIC (Hahn and Abel, 2011) and running the particles through gravitational inter-
action with a set of codes such as GADGET-2 (Springel, 2005) AND PKDGRAV3. Thereafter,
haloes are identified using the spherical overdensity (SO) method – finding the radius at which
the mean halo density is ∆c times the critical or the mean density of the universe – or the friends-
of-friends (FOF) method – connecting particles closer than a fraction of the mean inter particle
spacing (usually called linking length), typically assumed to be 0.2. A third type of halo finder
similar to the SO (Bound Density Maxima (BDM)) exists and is used in Wechsler et al. (2002).
For a given set of haloes, most of the results presented below are based on the relaxed subset
of the haloes. Relaxed haloes are selected based on a number of criteria which varies according
to the authors. These include: the mass fraction of substructure in a given halo (Neto et al.,
2007; Ludlow et al., 2014), the offset between the centre of mass and the potential minimum
(Neto et al., 2007; Mun˜oz-Cuartas et al., 2011; Ludlow et al., 2014; Klypin et al., 2014), the rms
to the fit of the density profile (Maccio` et al., 2007, 2008; Mun˜oz-Cuartas et al., 2011) (NFW
or Einasto), the virial ratio (the ratio of twice the kinetic energy to the potential energy) of the
halo (Neto et al., 2007; Ludlow et al., 2014; Klypin et al., 2014) and the spin parameter (Klypin
et al., 2014). These relaxed haloes typically have higher concentrations and smaller scatter for
a given mass relative to the unrelaxed haloes, on average (Neto et al., 2007). The scatter of the
halo concentrations at a given mass will be discussed in a separate section, specifically section
8. Additional selection cuts may be made by restricting to haloes with a given minimum number
of particles; for example, 500 particles in Maccio` et al. (2008).
Irrespective of the criteria for making the cut on relaxed haloes, one may argue regarding the
proper criteria for selecting relaxed haloes (see Klypin et al. (2014) for more details.) Especially
on using the virial parameter as a criteria since this relation is usually modified by the effect of
the surface pressure to the energy contribution and the external potential energy contribution as
haloes are not completely isolated objects.
Given the identification of haloes in an N-body simulation, the selection of relaxed haloes,
halo concentrations are then measured from the fit parameters to the density profile. A mass-
concentration relations may then be found. The following subsection looks at some of the various
relations in the literature.
3.2. Theoretical halo mass-concentration relations
Although halo concentrations were initially thought to be a continually decreasing function
of mass, Zhao et al. (2003a) were the first authors to find that the mass-concentration relation
flattens at the high mass end at z = 0, (verified by a number of authors such as Neto et al.
(2007); Okoli and Afshordi (2016)) with a minimum concentration of about 3.5. The exact
1http://www.projet-horizon.fr/article258.html
2http://cosmo.nyu.edu/roman/2LPT/
3http://hpcc.astro.washington.edu/faculty/trq/brandon/pkdgrav.html
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mass at which the relation starts flattening is dependent on the redshift, it decreases to lower
masses as the redshift increases. Additionally, the mass-concentration relation becomes weaker
at higher redshifts i.e the mass-concentration relation evolves faster at lower redshift (< 3) than at
higher redshift (> 3) (Neto et al., 2007; Duffy et al., 2008; Mun˜oz-Cuartas et al., 2011; Wechsler
et al., 2002; Okoli and Afshordi, 2016). On the mass scales, low-mass haloes evolve more
with redshift than high-mass haloes. This correlation between concentration and mass may be
explained using the mass accretion rate – the concentration is constant at the high mass end –
exists because the massive haloes are in the fast accretion phase (where mostly major mergers
occur) where the scale radius changes as the viral radius changes and the small mass haloes have
higher concentrations because they are in the slow accretion phase (with mainly minor mergers)
where the scale radius is more or less constant and the virial radius gradually builds up.
To predict the mass-concentration relation for any cosmology, redshift or any form of the
power spectrum of matter fluctuations, concentrations may be related to a universal model of the
mass accretion history (MAH) established through the mass accretion rate (Zhao et al., 2009).
This model of concentration in terms of the MAH was the first attempt at making halo concen-
trations universal and also points out to more evidence regarding the redshift evolution of halo
concentrations. The results from this model indicate that the haloes evolve in redshift not sim-
ply as 11+z but in more complex form. Thus, a model for the halo concentrations may be built
by relating the concentration to the time when the main progenitor had accreted 4% of its fi-
nal mass (extracted from the MAH). According to Zhao et al. (2009), the time evolution of the
concentration is given by
c = 4
1 +
(
t
3.75t0.04
)8.4
1/8
, (5)
where t0.04 is the time when the main progenitor has accreted 4% of its final mass. In a similar
vein, the distribution of halo concentrations may be extracted from the distribution of the forma-
tion times of the halo for a given mass. This approach was investigated by Giocoli et al. (2012b)
by characterizing a relation between the distribution of halo formation times and the mass of the
main progenitor using simulations. Defining the formation time as the earliest time when the
main progenitor of the halo has a mass m > f M0, a strong correlation was found between the
halo concentrations and the time provided the time when the halo had assembled about 4% and
half of its total mass is known. Given a MAH, one can then cast the concentration-time relation
into a concentration-mass relation.
Although mass-concentration relations have been all expressed as a power law in terms of
mass up to this point, Prada et al. (2012) introduced a more closer universal mass-concentration
relation by expressing the halo concentrations in terms of the root mean square (RMS) of the
matter density fluctuations σ(M, z). This expression, although not entirely universal in redshift
and cosmology (Prada et al., 2012; Diemer and Kravtsov, 2015), is closer to being universal
for a given parameter fit. In addition, the concentrations were measured using a more profile
independent method (VmaxV200 ) rather than making a given fit to an assumed density profile (say NFW
or Einasto). Over six orders of magnitude in mass and and redshifts that range from 0 < z < 10,
the results of the concentrations show interesting features. The form of the halo concentrations
as a function of mass show three distinct features - a region of decreasing halo concentration with
mass (in the low-mass end), a region of flattening, and a region in which the halo concentrations
increase with mass (the high-mass end), which was first observed in Klypin et al. (2011). This
upturn in the halo mass-concentration relation at the high-mass end is due to the massive haloes
having particles falling into mostly radial orbits. To confirm that the upturn in halo concentrations
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isn’t due to non-equilibrium effects, a sample of relaxed haloes displayed similar features. On
a different note, Ludlow et al. (2012) do not find the upturn at large masses when considering
only relaxed haloes and the similar concentration measurements of Prada et al. (2012). They
expressed concerns that the criteria by Prada et al. (2012) for selecting the relaxed haloes was
less stricter than those of Ludlow et al. (2012). The explanation for the supposed increase in
concentration at the high mass end is that most of the systems are not yet virialized and that the
accreted material are most likely experiencing their first pericentric passage. Intuitively, it is not
clear that the concentrations increase at the high mass end since halo concentrations are related to
the formation time of the haloes. and the high-mass systems have only being recently formed. A
universal relation for concentrations was finally presented in Diemer and Kravtsov (2015) which
is parametrized in terms of the peak height parameter and the local slope of the power spectrum
neff . Expressing halo concentrations in terms of the slope of the power spectrum affects both the
normalization and the slope of the concentration-mass relation.
Still on the reason for the occurence of the upturn in halo concentrations, Meneghetti and
Rasia (2013) made efforts to reconcile the difference in theoretical concentrations from N-body
simulations by investigating the different concentration measurements – using the circular veloc-
ity method and using fits to the density profile – and the binning procedure – binning in mass
versus binning in circular velocity. Both method agree on galaxy scales but differ only on cluster
scales. This points out to the fact that the density profiles on the massive objects are less likely
to be well fitted by the NFW profile due to the fact that they are most likely to be far from equi-
librium. The radial range used in fitting the density profile gives variant concentrations, which
was corroborated by Angel et al. (2016) for both concentrations and the Einasto shape parame-
ter. Angel et al. (2016) also find that the concentration and the shape parameter depend on the
minimum number of particles included in making the fit. It is important to note that Dutton and
Maccio` (2014) find that the concentrations using both methods are roughly consistent at z = 0
and at all masses. The concentrations from the circular velocity method become quite higher at
higher redshifts.
To wrap up the case regarding the upturn in halo concentrations, Klypin et al. (2014) pre-
sented a study of halo concentrations from z = 0 up to z = 5.5. In addition to the two features of
the concentration-mass relation – decreasing concentration with mass and a region of flat con-
centration – identified by Zhao et al. (2003a), haloes go through an initial stage of increasing
concentration with mass. This feature is more visible in massive haloes – which are the high-
peaked haloes at low redshift. In fact, these massive haloes, better approximated by the Einasto
profile with high α, are not good fits to the NFW profile. Thus, the high value of the shape
parameter affects the concentration of the massive haloes, especially when they are fitted to the
NFW profile. The high-α haloes were found to be dominated by high infall velocities at large
radii (r  rvir.), and nearly zero infall velocity in the centre regions. The lack of upturn in the
low mass region is attributed to the small value of their shape parameter and the fact that they are
good fits of the NW profile.
Other works that relate the halo concentrations to the MAH include Mun˜oz-Cuartas et al.
(2011) and Ludlow et al. (2014), that presents a relation between the concentration of a halo
fitted to the NFW (cNFW) profile and the concentration of the MAH (cMAH) fitted to the NFW
profile. This is given by
cNFW = 2.9(1 + 0.614cMAH)0.995. (6)
This form of the concentration predicts a minimum concentration of ∼ 3. Correa et al. (2015)
also relates halo concentrations to the MAH by measuring the formation redshift of the halo.
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Figure 1: The range of concentration for halos at z = 0 for four different models of concentration-mass relations. The
mass range of the cyan region shows the regions that have mostly been sampled by N-body simulations. The vertical
range of the cyan region depicts the mean scatter in the simulated halo concentration.
Halo concentrations have also been related to the spectral index of matter density fluctuations
(Eke et al., 2001). In this case, the halo concentrations are modelled from the amplitude and
shape of the power spectrum of matter density fluctuations using a single parameter. Results
from simulations revealed that the halo concentrations in a ΛCDM universe increase with an
increase in the normalization of the power spectrum, σ8. Physically, the redshift for collapse
increases with the normalization of the power spectrum which then leads to higher concentration
since the haloes are formed in the earlier epoch of the universe. In addition, the mass dependence
of the halo concentrations for large mass haloes weaken as the the spectral index becomes more
negative.
So far, we have discussed concentration-mass relations measured from N-body simulations
and then calibrated using an analytical model. Okoli and Afshordi (2016) presented a theoretical
concentration-mass relation using arguments that include the conservation of energy and the
ellipsoidal collapse model of Sheth et al. (2001). This relation agrees very well with simulation
results in the realm where they exists and can be extrapolated to small mass regions, where we
have no simulation data. The model shows a flattening of the halo concentrations at large masses.
A comparison of a selected number of concentration-mass relations from the literature is
shown in Figure 1. These is a great agreement between different relations in the simulated re-
gions, but quite a disparity when these relations are extrapolated to low masses.
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4. The evolution of the halo mass-concentration relation
In this section, we will present the evolution of the halo concentration-mass relation with
redshift. Assuming that the virial radius evolves as Rvir ∝ 11+z (due to the scaling of the matter
density with redshift for a fixed mass) ad that the scale radius remains constant, then the con-
centration is expected to c ∝ 11+z (Bullock et al., 2001). However, in recent years, simulations
have confirmed that the evolution of the halo concentration is more complex than such a simple
form. The mass-concentration relation becomes shallower with increasing redshift (Angel et al.,
2016). This feature implies that at fixed mass, the concentration-mass relation evolves faster at
lower redshifts (Mun˜oz-Cuartas et al., 2011; Correa et al., 2015) and is being attributed to the
domination of dark energy at low redshifts. In fact, small masses evolve more strongly with
redshift than large masses (Wechsler et al., 2002; Zhao et al., 2003a; Mun˜oz-Cuartas et al., 2011;
Correa et al., 2015; Okoli and Afshordi, 2016).
Halo concentrations from high-redshift (z = 32) simulations of microhaloes yield a nearly
mass-independent concentration (Ishiyama, 2014). The best fit form to the profile is the general-
ized NFW (gNFW) profile given by
ρgNFW =
ρs(
r
rs
)α (
1 +
(
r
rs
)β)γ , (7)
where α, β and γ are free parameters that are varied to fit the microhaloes. The measured halo
concentrations were converted to those expected from an NFW profile for clear comparison.
When extrapolated to z = 0, these concentrations are clearly lower than concentrations expected
from power-law extrapolations of the mass-concentration relation. This result confirms that the
power-law expressions of concentrations in terms of mass isn’t the most physical and universal
way to express halo concentrations.
5. Halo concentrations from the Einasto density profile
Halo concentrations were traditionally defined using the NFW profile and have been studied
extensively in the literature. Duffy et al. (2008) first studied halo concentrations from the Einasto
profile. The results show that fitting the same set of haloes to the NFW profile and the Einasto
profile resulted in higher normalizations and steeper slope for the Einasto profile relative to the
NFW profile. This is true for all definitions of concentrations, for the redshifts studied (0 > z >
2), and for both the full and relaxed haloes. In investigating the relation between the form of the
MAH and the density profile, Ludlow et al. (2013) indicated that some MAHs were not good fits
to the NFW profile. Fitting both the MAH and density profile to the Einasto profile resulted in
better fits but for different values of α. The value of α closer to the NFW profile is 0.18. Profiles
with α’s higher than this for a fixed concentration seem to assemble faster than an NFW halo
while profiles with α’s lower than this assemble slower. Thus, in addition to characterizing an
NFW halo by the concentration, the α parameter is also necessary to characterize an Einasto
profile. Haloes with higher than average concentrations have lower values of α and vice versa
for a given mass. Contrary to the upturn observed in Klypin et al. (2014) at the high mass end,
Duffy et al. (2008) find that the measured concentrations using the NFW profile or the Einasto
profile are within 15% for consistent Einasto shape parameters
8
6. Halo concentration and cosmological parameters
Halo concentrations are dependent on the parameters of a the cosmological model. Cosmolo-
gies with lower values of σ8 and Ωm have been found to have lower concentrations relative to
cosmologies with higher values of the same parameters (Maccio` et al., 2008; Duffy et al., 2008).
Maccio` et al. (2008) investigated this effect using simulations that were run with the parameters
of the WMAP1, WMAP3 and WMAP5 cosmology. Cosmologies with lower Ωm and σ8 are
expected to assemble haloes later for a given halo mass. Since the assembly time of a halo is
related to the concentration, halo concentrations have different values dependent on the assumed
cosmology. Halo concentrations increase with higher spectral indexes, n.
In an effort for a more universal mass-concentration relation with less dependence on the as-
sumed cosmology, halo concentrations may be expressed in terms of the rms (root-mean-square)
of the matter density field (σ(M)) or the peak height parameter (ν). Although the shape of the c-ν
relation is constant with redshift, the amplitude has a redshift dependence that may be expressed
as D(z)0.5 (Bhattacharya et al., 2013).
7. Halo concentrations and observational constraints.
Due to the dependence of halo concentrations on cosmological parameters, attempts have
ben made to constrain the cosmological parameters through observed shape and normalization
of the mass-concentration relation. In particular, the dependence on the normalization of the
matter power spectrum (σ8) has been explored in the literature (Wu and Xue, 2000; Eke et al.,
2001; Huffenberger and Seljak, 2003). Relating the halo concentrations to the power spectrum
of matter fluctuations, Eke et al. (2001) attempted to solve the over-concentration problem of
ΛCDM haloes via a change in the normalization of the power spectrum or the shape of the
power spectrum or introducing a new form of dark matter particle. Similarly, Huffenberger and
Seljak (2003) related the halo concentrations to the full nonlinear matter power spectrum using
the Halo Model of structure formation (Cooray and Sheth, 2002), the halo mass function and
a halo density profile. Since the nonlinear power spectrum varies with the mass-concentration
relation, the halo mass-concentration relation may be constrained using the full nonlinear power
spectrum in the regimes attainable with simulations and then extrapolated to predict the nonlin-
ear power spectrum in the regimes outside the reach of simulations. The exercise wasn’t really
fruitful as the results weren’t quite good beyond k ∼ 40hMpc. Alternatively, the observed con-
centrations may be minimized with a given theoretical model (Ettori et al., 2010). In doing this,
the degeneracy between σ8 and Ωm can be broken using the cosmic baryon fraction which then
fixes the cosmological parameters. For all observational constraints of the mass-concentration
relation, one should be wary of the effect of baryons on the measured observed concentrations
(See section 11 for more details).
Finally, the best fit cosmological parameters may be constrained from the shear peak abun-
dance of weak lensing (peak counts) and a given normalization, slope and scatter of the concentration-
mass relation (Mainini and Romano, 2014; Cardone et al., 2015). There is actually a degeneracy
between the mass-concentration relation and the cosmological parameters (σ8 and Ωm). Thus,
one has to know one or the other precisely.
8. Scatter in halo concentrations
The distribution in halo concentrations have been found to follow a log-normal distribution,
i.e a Gaussian distribution in the log of concentrations. First pointed out by Jing (2000) and
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corroborated by a lot of other authors such as Neto et al. (2007); Maccio` et al. (2008), the log-
normal distribution describes both relaxed and unrelaxed haloes, albeit with a different mean
and scatter. Specifically, the unrelaxed have higher dispersion relative and lower mean to the
relaxed haloes. In terms of cvir, Bullock et al. (2001) find the scatter in halo concentrations to
be ∆(log cvir) = 0.18 for distinct haloes. However, the scatter in concentration is independent of
the definition of the concentration, redshift, mass (Diemer and Kravtsov, 2015) and the under-
lying cosmology (Maccio` et al., 2008). The scatter in the log of concentration, σln c for relaxed
haloes ranges from 0.11 – 0.27 (Jing, 2000; Wechsler et al., 2002; Neto et al., 2007; Duffy et al.,
2008; Maccio` et al., 2008; Dutton and Maccio`, 2014; Diemer and Kravtsov, 2015) irrespective
of whether the fits are to the NFW density profile or Einasto profile.
Scatter in the concentrations for the full halo sample is σln c = 0.25 (Jing, 2000) and σln c =
0.30 (Maccio` et al., 2008). However, Duffy et al. (2008) find quite lower scatters in lnc is given
by σln c200 = 0.15 and 0.17 for full sample of haloes fitted with the NFW profile and the Einasto
profile respectively. Thus, the inclusion of the unrelaxed haloes skews the distribution to lower
concentrations.
Although the scatter in halo concentrations is generally found to be independent of mass
(Bullock et al., 2001; Maccio` et al., 2008; Diemer and Kravtsov, 2015), some results indicate a
weak mass dependence – decreasing scatter with mass(Wechsler et al., 2002; Neto et al., 2007;
Maccio` et al., 2008; Okoli and Afshordi, 2016). This trend might indicate the uniformity of
formation times for massive haloes and quite a disparity in collapse times for the less massive
haloes.
Sources of scatter in halo concentrations are thought to be from two sources – the intrinsic
spread in estimated halo concentrations from Poisson noise due to finite amount of haloes in a
mass bin and the poor resolution of the halo structure, especially for small mass haloes (Bullock
et al., 2001). Physical explanations for the scatter in the halo concentrations include the differ-
ent collapse epochs of haloes that are in different environments. In order words, the scatter is
attributed to the variations in the MAH of the haloes. In particular, Neto et al. (2007) shows that
the scatter is better accounted for if the the formation time of a halo is defined incorporating the
history of all progenitors rather than the history of only the main progenitor.
Although the scatter in the halo concentrations have been traditionally fit to the lognormal
distributions, Bhattacharya et al. (2013) argue that the dispersion of concentrations can also be fit
by a Gaussian distribution. This observation has been earlier pointed out by Maccio` et al. (2008)
From observations, the scatter in the halo concentrations has also been shown to be lognor-
mal (Bahe´ et al., 2012; Amodeo et al., 2016) and decreasing with increasing mass. Additionally,
the distribution in halo concentrations is an interesting way to get the fraction of galaxies/clusters
with a given concentration to aid with a fair comparison to concentrations measured from obser-
vations.
9. Concentration and subhaloes
Not only at subhaloes of a given mass more concentrated than their distinct counterparts
(Bullock et al., 2001; Avila-Reese et al., 2005), their mass-concentration relations also have
stronger mass dependences (Bullock et al., 2001). In a detailed study of the structure of subhaloes
by Moline´ et al. (2017), the concentration-mass relation of subhaloes was found to be quite
dependent on the distance of the subhalo from the host halo centre. Subhaloes closer to the
centre of the host halo have higher concentrations. Subhaloes also have higher dispersion/scatter
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relative to distinct haloes (Avila-Reese et al., 2005) and are given as σlog10 c = 0.11−0.13 (Moline´
et al., 2017) andσln cvir = 0.24 (Bullock et al., 2001). Physically, subhaloes are more concentrated
than the distinct haloes due to the effects of interactions and tidal stripping as the subhalo orbits
in the parent halo. The density structure is stripped in the outer parts while leaving the inner
denser part of the subhalo.
10. Effects of the environment on the concentration of haloes
One important question to be answered in this section is what role does the environment
– such as a high density cluster environment or a low density void environment – play on the
concentration of haloes? Is it reasonable to expect higher concentrations for haloes in a region
with high local density or vice versa? While the concentration of haloes may be independent
of the local environment (Lemson and Kauffmann, 1999), haloes in cluster environments may
actually be more concentrated than haloes in the field for masses ≤ 5 × 1011h−1M (Avila-Reese
et al., 2005). However, parent haloes from cluster, field and void environments do not show any
significant difference in their halo concentrations. This finding suggests that the difference in
concentrations may be due to the presence of subhaloes. Recall that the subhaloes are usually
more concentrated than haloes as discussed in section 9. In addition, haloes in denser environ-
ments exhibit more scatter relative to haloes in less dense environments. Since the concentration
of haloes is related to the formation time of the haloes, this points to the fact that the denser
regions collapse and assemble their haloes earlier relative to the less dense regions. Therefore,
halo formation time is linked to the global environment.
Given that halo concentrations are related to the formation times of the haloes, formation
times are linked to the global environment, then the concentrations should be affected by the
global environment. This leads to the study of the dependence of the concentration on the halo
assembly bias. The halo assembly bias is the dependence of halo clustering with formation time
i.e the clustering of a haloes at a given mass is dependent on the assembly history of the haloes.
Studying the correlation between concentration, clustering and halo formation time reveal that
younger haloes are more clustered than their older counterparts for haloes that are ten times
higher than the nonlinear scale, M∗ while the older haloes are more clustered relative to the
younger haloes for haloes whose masses are lower than the nonlinear mass scale (Jing et al.,
2007). Thus, the clustering bias of halos as a function of mass scales differently for both the older
and the younger population. The younger population have a steeper slope while slope of the older
population is shallower. The lines of the slope intersect around M∗. Findings reveal that haloes
with higher concentrations are more clustered than haloes with lower concentrations for masses
less than the characteristic nonlinear mass scale, M∗ while haloes with higher concentrations
were found to be less clustered for for haloes whose masses are greater than M∗. Given these
findings, the statistics of haloes should be dependent on other halo properties other than the mass.
The halo bias have been parametrized in terms of halo concentration and redshift for a fixed mass
(Wechsler et al., 2006). This dependence is weak for haloes with masses M > M∗, which makes
the halo mass the dominant variable for estimating the halo bias.
Observationally, for the same stellar/halo mass, red galaxies are more concentrated than the
blue galaxies (Wojtak and Mamon, 2013). This observation corroborates the theoretical expec-
tation between halo concentrations and halo assembly bias.
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11. Observational halo concentration
There have been lots of concerted efforts to measure the concentrations of haloes from ob-
servations of dwarfs, galaxies or clusters. Measuring halo concentrations stem from a number
of methods and assumptions such as using X-ray clusters through the assumption of hydrostatic
equilibrium and spherical distribution; from weak lensing via the elongation and the tangential
distortion of a background galaxy; from strong lensing via the strong distortion of the images
of a background galaxy; and galactic dynamics that uses the measurement of the line of sight
velocity as a function of radius. In this section, we will examine the results of halo concentra-
tions measured from observations from the above-listed methods. It is important to note that halo
concentrations from N-body simulations, until recently, are measured from the dark matter com-
ponent only while observational concentrations are from mass measurements that do not separate
the baryons from the dark matter. To first approximation, assuming the mass of a galaxy/cluster
is dominated by the dark matter component is fine.
11.1. Halo concentrations from X-rays
Measuring concentrations from X-ray temperature profiles involve the assumption of a spher-
ical distribution and hydrostatic equilibrium. The equation for hydrostatic equilibrium is given
by
d(n(r)kT (r))
dr
= −GµmpM(< r)n(r)
r2
, (8)
whereG, µ, mp, n(r), T (r), M(< r) are the gravitational constant, mean molecular weight, mass of
the proton, gas number density profile, gas temperature profile, and the enclosed total mass within
a radius respectively. Assuming the hydrostatic equilibrium, concentration estimates require the
knowledge of a mass profile (NFW or Einasto in this case), a temperature profile and a gas
density profile. The gas density profile may be estimated from the surface brightness profile.
Buote et al. (2007) find consistent relations between observed concentrations and simulated halo
concentrations using X-ray measurements for groups and clusters in the range 1012 ≤ M ≤
1014M. Amodeo et al. (2016) (Ettori et al. (2010)), on the other hand, find that their observed
halo concentrations have slopes that are higher (lower) relative to the theoretical expectation.
Limitations to the measurement of halo concentrations from X-ray profiles include the va-
lidity of hydrostatic equilibrium for galaxies and clusters. This assumption presumes that extra
sources of pressure such as the magnetic field, turbulence, or cosmic rays are minimal relative to
the thermal pressure of the electrons. This assumption was investigated by Buote (2003), who
finds that the assumption holds on the cluster scales. There are also concerns regarding the as-
sumed spherical distribution of particles. Clusters are mostly triaxial in shape; thus making them
spherical along the major axis could lead to bias in the estimated concentrations.
11.2. Halo concentrations from weak and strong lensing measurements
Using strong lensing to measure halo concentrations depends on the extreme distorted images
of a background galaxy while weak lensing is based on the elongation and tangential distortion
of a background galaxy. Lensing distortions are sensitive to the total gravitating mass of the
cluster, which is dominated by dark matter, and is insensitive to the baryonic mass fraction.
Concentrations may then be estimated from the shear or convergence map – from weak lensing
measurements or the Einstein radius – for strong lensing estimates. Lensing measurements usu-
ally give estimates of halo properties in projection. These measurements are then deprojected
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to yield their 3D counterparts. Constraining the mass-concentration relation from observations
may be effective using halo counts from weak lensing (King and Mead, 2011) or the lensing con-
vergence power spectrum (King and Mead, 2011). To make these constraints, assumptions are
made for the form of the projected mass profile, the lensing shear or convergence profile and the
cosmological parameters for the given cosmology e.g σ8, Ωm. For a single galaxy, images from
weak lensing are only fairly distorted; a significant signal becomes apparent when these distorted
images are statistically averaged. Thus, concentration estimates using weak lensing analysis are
based on stacking a number of galaxies. Stacking on weakly lensed clusters to give a statisti-
cal average of the dark matter profile have been found to quite effective and more accurate for
comparing to theoretical estimates from simulations since profiles from simulations are also av-
eraged. This results in halo concentrations consistent with theoretical predictions (Mandelbaum
et al., 2008; Sereno and Covone, 2013; Okabe et al., 2013). Another advantage to stacking clus-
ters is that it corrects for uncorrelated large scale structure along the line of sight and the intrinsic
ellipticity of the individual clusters (Okabe et al., 2013).
Even though some authors find consistent results with simulations as indicated above, others
find that the normalization and slope of the concentration-mass relation is biased low relative to
the theoretical expectation (Bahe´ et al., 2012). Concerns that may lead to such discrepancy in-
clude the triaxial shape and orientation of the clusters rather than assuming a symmetric spherical
distribution, projection effects, cluster selection function, presence of substructure, the offset of
the assumed centre, or the intrinsic ellipticity of the clusters. Other sources of bias in measuring
of the halo concentrations include the presence of substructure (biases the concentration by about
5%) and the presence of a BCG in the centre of the cluster (Giocoli et al., 2012a). Accounting
for some of these biases leads to better agreement between the observed concentrations and the
theoretical concentrations as demonstrated in Sereno and Zitrin (2012), which accounts for the
triaxial shape and orientation of the clusters; Merten et al. (2015); Meneghetti et al. (2014), who
account for projection effects and the selection function of the clusters; Du and Fan (2014), who
verify that accounting for selection function leads to better estimates of the halo concentrations;
the effect of the centre offset was found to be subdominant on the estimated concentrations while
the shape noise (intrinsic ellipticity of the clusters) have a large effect on the estimated halo
concentrations (Du and Fan, 2014); Du et al. (2015) found consistent slope with a higher nor-
malization relative to the theoretical expectation when the impact of shape noise, centre offset
and projection effects are accounted for in their weak lensing analysis; correcting for elongation
of the cluster along the line of sight leads to unbiased mass estimates (Giocoli et al., 2012a) and
slightly low concentration estimates. Even correcting for lensing bias does not always guaran-
tee that observational concentrations will agree with theoretical expectations. This is evident in
Amodeo et al. (2016) where weak lensing analysis was carried out on strong lensing selected
clusters.
The Einstein radius measured using strong lensing statistics may be used as a proxy for es-
timating the halo concentrations as in Gralla et al. (2011). Halo concentrations from strongly
lensed clusters are usually higher than those from the X-ray clusters (Wu and Xue, 2000). This
is due to the fact that strongly lensed clusters are preferentially more concentrated. This effect is
evident in the results of Comerford and Natarajan (2007), who find a higher slope and normal-
ization for the concentration-mass relation. Similarly, To confirm that galaxies selected via their
strong lensing signal are a biased sample, Foe¨x et al. (2014) performed weak lensing analysis
by stacking on a sample of strong lensing selected galaxies. The stacking process is expected to
limit bias such as intrinsic ellipticity, substructures in the individual galaxies, and uncorrelated
large scale structure. The resulting mass-concentration relation was found to be higher in nor-
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malization and steeper in slope relative to expectations from theoretical concentrations. Even
though Hennawi et al. (2007) showed that strongly lensed clusters are 18% more concentrated
relative to the overall population and that the 2D concentration is 34% more concentrated rela-
tive to the total population, correcting for this bias doesn’t seem to solve the over-concentration
problem of observed clusters
Concerns regarding using strong lensing for measuring halo concentrations include the fact
that strong lensing analysis are usually limited to the inner part of the cluster and do not extend
to the outer parts of the halo; and the orientation of the clusters. Indeed, the strong lensing
analysis of this sample of X-ray selected clusters showed that the clusters were preferentially
aligned along the line of sight (Sereno and Zitrin, 2012). Combining both strong and weak
lensing analysis of clusters yield better estimates of both the strongly-lensed central region and
the weakly-lensed outer region of a cluster. This leads to an excellent reconstruction of the mass
profile.
11.3. Halo concentrations from galactic dynamics
Measuring the concentration of haloes from the orbits of galaxies in clusters have been used
as a method of galactic dynamics for estimating the mass and concentrations of clusters. Variants
of galactic dynamics include the Jean’s analysis, the virial theorem, the projected phase-space
analysis using an anisotropic model of the distribution function. Estimates from galactic dyanam-
ics assumes a spherical distribution of particles, the Jeans equation and the line of sight velocity
profile. As investigated by Wojtak and Łokas (2010) using a model for the distribution func-
tion, the projected phase space analysis yields higher concentrations relative to the theoretical
concentrations, for realistic fixed cosmological parameters.
12. Discussion on theoretical and observed results
Comparison between theoretical halo concentrations measured from simulations and obser-
vational halo concentrations show agreement (Mandelbaum et al., 2008; Sereno and Covone,
2013; Okabe et al., 2013). A comparison to N-body simulation results and results from obser-
vations – such as weak and strong lensing, X-rays and galaxy dynamics – have been reported
in Bhattacharya et al. (2013) and were found to be in good agreement with each other. In some
cases, however, there are disagreements (e.g in Ettori et al. (2010)) as discussed above. Given
the various means of estimating halo concentrations from observations, we will discuss below
the assumptions and concerns related to these measurements that could lead to discrepancies.
These assumptions include hydrostatic equilibrium in estimates made from X-ray clusters and
the dynamical state of clusters in virial equilibrium in the estimates made from galactic dynam-
ics. Although measurements from gravitational lensing are not plagued by a priori assumptions,
they are majorly affected by projection effects.
Major concerns related to the measurement of the concentration-mass relation include the
intrinsic ellipticity of galaxies, the non-spherical distribution of matter, projection effects, the
presence of baryons, the orientation of the individual clusters, the selection of the sample of
galaxies/clusters, the method of reconstructing the masses, the presence of large scale structure
along the line of sight, the number of samples, the radial range for fitting the concentration
parameters, and the mass range for estimating the mass-concentration relation. The methods are
affected by some of these concerns in different ways. In no particular order, these concerns are
briefly discussed below:
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• Hydrostatic equilibrium – As previously discussed, hydrostatic equilibrium is usually as-
sumed in the estimation cluster properties from X-ray clusters. There are concerns that
these clusters may not actually be in equilibrium and possibility of other sources of pres-
sure such as magnetic pressure, turbulence and cosmic ray pressure, in addition to the
thermal pressure. However, this assumption has been found to be compatible with galax-
ies and groups when compared to stellar dynamics (Bridges et al., 2006; Humphrey et al.,
2006) and clusters when compared to lensing (Evrard et al., 1996; Mathiesen et al., 1999;
Buote, 2003)
• Orientation and non-spherical matter distribution – The shape of haloes, and also clusters,
are mostly triaxial, which makes the assumption of sphericity a not-so-good approxima-
tion. Assumptions of sphericity leads to an over-prediction or under-prediction of the halo
concentrations depending on the orientation of the cluster along the line of sight. Elon-
gation along the line of sight over-predicts the halo concentrations while elongation along
the plane of the sky under-predicts halo concentrations.Thus, the triaxial mass distribu-
tion has to be incorporated into the analysis of clusters. Assuming an NFW-ellipsoid halo
with seven parameters – the mass, concentration, three orientation angles and two axial
ratios, halo concentrations were estimated from observations tend to be lower concentra-
tions (c ≤ 3) and are consistent with concentrations from theoretical expectations (Sereno
and Zitrin, 2012).
• Baryons – Traditionally, theoretical measurements of concentrations are made from N-
body simulations of dark matter particles. However, galaxies and clusters in observations
have contributions from baryons – stars, hot gas, and cold gas – and dark matter. Clusters,
in particular, are dominated by hot gas while the groups have more stars than gas. The
stellar and cold gas fraction increases to a maximum mass around M∗ = 1013h−1M before
it starts decreasing. The hot gas component, on the other hand, keeps increasing with
increasing mass. These baryons, however, are expected to be dominated in the innermost
region of a galaxy/cluster. Resolution effects in simulations thwart the inclusion of such
inner most region in simulations. Nevertheless, the presence of the baryons is expected to
modify either the dark matter distribution or its properties such as the concentration.
Baryonic effects – such as gas cooling and feedback from supernovas and AGNs – only
lead to about 10% difference in the halo concentrations when the innermost 10% region
of the halo isn’t considered (Duffy et al., 2010). On the other hand, including radiative
effects such as cooling, star formation, and feedback in simulations lead to about 20−50%
larger concentrations (Rasia et al., 2013) relative to dark matter only simulations. Fedeli
(2012) made efforts to review the effects of baryon cooling on observed concentrations
when compared to theoretical concentrations. The author adopts a semi-analytic model
to investigate the effects of baryonic physics on the concentration-mass relation of groups
and clusters. In particular, the effect of adiabatic contraction – the response of dark matter
to the presence of baryons – and other baryonic and gas physics on the observational halo
concentrations were investigated. To this end, an initial dark matter profile is expected to
disrupted by adiabatic cooling. This involves the cooling of the gas and the formation of
stars which drags the dark matter closer to the centre making the halo more concentrated. It
is important to note, however, that the role played by adiabatic contraction is more effective
on the small mass systems than massive systems. For realistic stellar mass fractions, the
effect of adiabatic contraction on the concentration-mass relation is minimal.
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• Mass reconstruction – Mass estimates of observed galaxies/clusters are usually based on
proxies, which include the temperature, Sunyaev-Zeldovich (SZ) Compton Y parameter
(Gralla et al., 2011), velocity dispersion (Wojtak and Łokas, 2010), X-ray luminosity or
using lensing analysis. In particular, mass reconstruction via strong lensing may not be
able to accurately determine the total cluster mass effectively due to the fact that it samples
only the innermost part of a cluster. Calibrations between these proxies and masses are
subject to scatter, which is usually not accounted for in the mass reconstruction. The
masses from these proxies suffer from different types of bias. For example, X-ray masses
are usually biased low relative to weak lensing masses by about 10% or 25% (Mahdavi
et al., 2013) or (Rasia et al., 2012) which leads to higher concentrations.
Still on the reconstruction of the galaxy/cluster masses, the assumption of a given mass
profile may plague the mass estimated. As previously discussed, it is expected that the
original mass profile is evolves to a new profile due to adiabatic contraction. Commonly,
the NFW profile is assumed. Probably, the effects of baryons modifies the density distri-
bution to a different distribution.
• Sample selection – Samples are usually selected based on some intrinsic property. These
include the strong lensing signal, X-ray morphology, X-ray luminosity etc. This leads to
a from of bias in the selected sample. Sample selection based on the strong lensing signal
tend to lead biased halo properties since it tends to select the most concentrated haloes;
Sample selection based on X-ray morphology lead to less bias (Meneghetti et al., 2014)
relative to selection based on X-ray luminosity, which leads to higher normalization of
the concentration-mass relation. These selection effects tend to suggest that observations
skewed towards the high end of the concentration distribution. Given that the scatter in
concentrations at a given mass is quite big, the samples selected from observations may
actually be from the higher end of the distribution. Reconciling observed concentrations
will also involve taking into account all sources of bias into consideration.
• Radial range – Bhattacharya et al. (2013) find that estimated halo concentrations depend
on the range of radial fitting for the density profile. Including the innermost regions of
the halo tends to lead to lower concentrations by about 5%. Other radial variations make
only a maximum difference of about 10% in the measured concentrations. On the other
hand, the radial range for fitting the halo concentrations investigated by Rasia et al. (2013)
shows that reducing the radial range to include the innermost parts of the cluster leads to
concentration-mass relations with a higher slope and higher normalization. It is important
to note that these changes are minimal.
• Projection effects – Weak lensing analysis of clusters measure the cluster properties in
projection. Thus, there are concerns regarding the de-projection of the 2D measured prop-
erties into 3D properties (Mandelbaum et al., 2008). This de-projection usually assumes a
spherical distribution; however, galaxies/clusters are known to be aspherical in shape. De-
pending on the elongation of the main axis (along the line of sight or along the plane of the
sky), estimated 3D concentrations may be overestimated or underestimated respectively.
• Others – Other effects that could contribute to observational systematics include: sample
size – the observed concentrations are based on a sample of clusters of the order of ten
(Bhattacharya et al., 2013) whereas simulations typically have larger samples; mass range
– the range of masses for these samples are quite limited and thus are not suitable for
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constraining the concentration-mass relation; intrinsic ellipticity of galaxies/clusters – the
triaxial nature of galaxies/clusters creates an intrinsic shape property that should properly
be accounted for in weak lensing tangential shear/convergence and strong lensing arcs.
In conclusion, concentration estimates from observations are generally marred with system-
atics that need to be properly accounted when comparing to theoretical results. A good review
of observational halo concentrations measured from different methods is found in Groener et al.
(2016). Buote et al. (2007) also touches on a number comparisons regarding observed halo con-
centrations. As with the theoretical concentrations from simulations, the scatter in observed halo
concentrations at a fixed mass also follow a log-normal distribution (Buote et al., 2007). Al-
though we made great efforts to review relevant literature to the topic of interest, we do not claim
to have reviewed all articles in this field and apologize in advance for any omission.
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